Two issues in the extended finite element method (XFEM) are addressed: efficient numerical integration of the weak form when the enrichment function is self-equilibrating and blending of the enrichment. The integration is based on transforming the domain integrals in the weak form into equivalent contour integrals. It is shown that the contour form is computationally more efficient than the domain form, especially when the enrichment function is singular and/or discontinuous. A method for alleviating the errors in the blending elements is also studied. In this method, the enrichment function is pre-multiplied by a smooth weight function with compact support to allow for a completely smooth transition between enriched and unenriched subdomains. A method for blending step function enrichment with singular enrichments is described. It is also shown that if the enrichment is not shifted properly, the weighted enrichment is equivalent to the standard enrichment. An edge dislocation and a crack problem are used to benchmark the technique; the influence of the variables that parameterize the weight function is analyzed. The resulting method shows both improved accuracy and optimum convergence rates and is easily implemented into existing XFEM codes.
INTRODUCTION
The extended finite element method (XFEM) and the generalized FEM (GFEM) have been developed to facilitate the modeling of features and arbitrary discontinuities. In contrast to the standard Section 4 examines a degenerate case, where the weighted XFEM is equivalent to the standard XFEM approximation. In Section 5, the weighted XFEM approximations for cracks and edge dislocations are presented and the enrichment strategies used in the numerical examples are defined. In Section 6, the issue of merging analytic and Heaviside step function enrichments is addressed. In Section 7, an efficient method for numerically integrating the element stiffness is presented for both shifted and non-shifted enrichments. Numerical examples for a dislocation and a crack problem are presented in Section 8 and our conclusions are given in Section 9.
LOCAL PARTITION OF UNITY ENRICHMENT
Consider a body with boundary * and let u(x) be the displacement field. The XFEM approximation of the displacement field is
where N is the set of all the nodes of the finite element mesh, N I (x) are the finite element shape functions and S is the set of enriched nodes (S ⊆ N), whose definition depends on the problem and on the enrichment function W(x). In (1) and in the following only one enrichment function will be considered to simplify the notation. In PUMs [24] , all the nodes are enriched and hence S ≡ N. The discrete equations for the nodal variables u I and a J are obtained by substituting (1) into a variational principle or weak form. The nodal degrees of freedom u I of the enriched nodes do not have the physical meaning of nodal displacements, as in the standard FEM. In order to make the application of essential boundary conditions simpler and improve blending, it was proposed in [11] that the standard XFEM approximation be shifted; hence, (1) is replaced by
where x J is the position of node J . This does not ensure that the essential boundary conditions are met exactly along the edge of elements when the enrichment is active, but it often suffices. Let N e be the set of nodes of element e. Then element e is a blending element if N e ∩S = N e and N e ∩S = ∅. To illustrate the blending problem, reference is made to the bimaterial bar of Figure 1 . The left edge of the bar is clamped and a displacement = 1 is prescribed at the right end. Young's moduli for x<L/2 and x>L/2 are E 1 = 1 and E 2 = 2, respectively. The total length of the bar is L = 1.
The solution is obtained by minimizing the total potential energy with a single linear bar element, the displacement approximation (1) and the ramp enrichment function (x) = abs(x − L/2). The results are reported at the bottom of Figure 1 , where we can see that the exact solution is obtained.
The solution deteriorates when more than one finite element is considered and is not significantly improved by further mesh refinement ( Figure 2 ). The reason for this pathological behavior is that in the blending elements only one of the two element nodes is enriched, and hence the reproducing property of the partition of unity is lost [28] . An immediate explanation is found by observing the strain approximation in the blending element to the left of the material interface: 
and specifically the terms associated with and ,x . These terms cause the zig-zag behavior seen in Figure 2 . The first term in (3) is the standard finite element strain and is a constant. The second and third terms are the enrichment part of the strain approximation and it can be seen that the enriched part of the strain approximation cannot reproduce a constant strain field. In fact, the approximation (3) cannot reproduce a constant strain field if a e 2 = 0. This conclusion, that 6 G. VENTURA, R. GRACIE AND T. BELYTSCHKO blending elements cannot reproduce a constant strain field, is general and is applicable to almost all enrichment functions. It is believed that this is a cause of the loss of accuracy and decrease in convergence rate that is associated with blending; this was also argued in Chessa et al. [28] . The blending problem is mostly an issue for low-order elements. When higher-order shape functions are used and when the order of the shape functions that premultiply is one less than that used in the standard part of the approximation, the difficulties with blending are reduced [29, 30, 32] . Some enrichment functions, such as the step function enrichment, which appears in the original XFEM paper [2] , do not have blending problems, since the enrichment terms in the blending elements are spanned by the standard finite element basis. However, in general, blending constitutes an important issue to be taken into account in the implementation of XFEM and local partition of unity methods.
WEIGHT FUNCTION BLENDING
In this section, we present a weight function blending for XFEM. We will consider approximations of the following form, originally proposed by Fries [35] :
where (x) is a smooth function with compact support, which we will refer to as a weight function. N I (x) are the finite element shape functions, W(x) is the enrichment function possessing characteristics that are to be locally reproduced and a J is the enriched degree of freedom associated with W(x) and node J . The weight function is constructed so that (x)>0 only in the subdomain to be enriched; hence, node J ∈ S if there exists an x ∈ supp(N J ) such that (x)>0, where supp(N J ) is the support of shape function of node J . The approximation (4) locally enriches the standard FEM approximation by W(x). Locality is ensured by the compact support of (x). We will refer to approximations of this form as weighted XFEM approximations. We will often find it convenient to constrain all the enriched degrees of freedom to be equal, i.e. a I = a; hence, we have
Since the partition of unity property of the shape functions is satisfied ∀x ∈ supp( (x)), (5) reduces to
As in the standard XFEM, we can improve the performance of the method and facilitate the application of essential boundary conditions by shifting the approximation. Two different shifted approximations are possible depending on how the shifts are made. The following two cases arise:
• type 1 shifted product of the weight and enrichment function
• type 2 shifted enrichment function (the weight is applied to the shifted enrichment function)
When all enriched degrees of freedom are constrained to be equal at each nodes, i.e. when a I = a, as in our dislocation model [16, 31] , Equations (7) and (8) become
and
respectively. We select (x) to be a polynomial ramp function that smoothes the transition from enriched to unenriched elements. Let e be the domain of element e. Non-enriched elements are those elements where (x) = 0, ∀x ∈ e . An enriched element is any element where ∃x ∈ e | (x) = 0. Let the closed set E be the enriched domain, defined as the union of all the enriched elements. Consequently, the set S is given by all the nodes of the enriched elements, i.e. by all the nodes in E . The weight function is defined as (x) ∈Ū , wherē
Displacement compatibility on the interface between enriched and unenriched subdomains is satisfied because (x) = 0, ∀x ∈ * E . The enriched domain generally consists of the union of two subdomains ( Figure 3 ): Figure 3 we have shown E as a single layer of elements. It is often desirable for E to span several element layers. We note that the approximation in E 1 is the same as in any fully enriched element of the standard XFEM, and hence W can be reproduced exactly in
A crucial characteristic of the present technique, as in [35] , is that no partially enriched elements are allowed. This ensures that the partition of unity property is satisfied in all elements.
Let be a surface of discontinuity such as a crack, dislocation glide plane or material interface. Given a point x ∈ E , let d= d(x) be the signed distance function from x to . Consider the function (d) defined by where d i and d e are chosen so that = 1 for |d| d i and = 0 for any |d|>d e , n is a positive integer and g is the linear ramp function given by Equation (12) is inconvenient because the discontinuities in the derivatives of would generally lie within elements, introducing jumps in strains/stresses and complexities in the numerical evaluation of the element stiffness. A solution to this problem is to map to a piecewise continuous function in each finite element. This can be easily accomplished by evaluating the function at the element nodes and then interpolating the weight function by the shape functions. For this purpose, we first evaluate the function g at the nodes. Let
Note that the first row of the definition (15) shrinks the inner boundary of E and the second row expands the outer boundary of E . This is illustrated in Figure 5 with reference to a point singularity, i.e. considering the discontinuity surface is collapsed to a single point. Inside the elements, shape function interpolation is used, so that the weight function is given by
Finally, considering the compact support of , we have
where P ⊆ N. The function is everywhere continuous and differentiable and has the same polynomial order as the shape functions.
An alternative definition of the weight function for more complex enrichments is to first define the subdomain 
ALTERNATIVES IN SHIFTING AND A DEGENERATE CASE
Next we will study the properties of the weighted XFEM, i.e. the weighted blending, when the weight function is given by
where P is the set of nodes of elements in E 1 . This choice of weight function yields a method that is equivalent to that proposed in [35] , where the blending layer is one element wide. We will consider the case where all enriched degrees of freedom are equal [16, 31] , as we usually do for dislocation modeling, i.e. let a I = a. In what follows, we will show that only the weighted XFEM with type 2 shifting, Equation (10) , results in a new method. All other forms of the weighted XFEM degenerate into standard forms of XFEM.
Let
The standard XFEM approximation, for a J = a and for all J ∈ Q, is
where Q is the set of enriched nodes. Similarly, from (2), the standard XFEM approximation with shifting is
DISLOCATION AND CRACK ENRICHMENTS
In this section, various local enrichment approximations for crack and dislocation problems are given. These two problems will be examined together as they are very similar.
Dislocation enrichment
The enriched displacement degrees of freedom are equal; hence, we adopt a weighted approximation of the form (24), i.e. that with type 2 shifting. The approximation is
where
is the set of singular or analytically enriched nodes (a node J ∈ S ∞ if there exists x ∈ supp(N J ) such that (x)>0) and b is the Burgers vector. Moreover, two different weight functions have been introduced in (25) . They are both approximated by shape functions with the same mesh; hence, and
For an edge dislocation, the enrichment is the plane strain solution in an infinite domain with the core located at (0, 0) and glide plane extending along the negative x-axis; it is given by
where is Poisson's ratio and
For (25) to be general, transformations of the reference system are applied to the enrichment function (28); see [16, 41] for more details.
We will consider three different enrichment schemes, i.e. three different choices for S H , S ∞ , and¯ .
Singular enrichment without Heaviside enrichment and with a fixed enrichment radius (EEL):
In this scheme, S H is the null set. S ∞ is the set of nodes within a given number of element layers from the glide plane or core, as shown in Figure 6 (a). is defined by (17) , where d i and d e are defined to be constant distances from the glide plane, as shown in Figure 13 (a). We label this enrichment EEL because it corresponds to the enriched element layers scheme used in [8] with the standard XFEM. 2. Singular enrichment without Heaviside enrichment and with a variable enrichment radius (DOL): In this scheme S H is the null set. S ∞ is defined as the set of nodes within a given number of element layers from the core and by the nodes of all elements within one element layer from the glide plane, as shown in Figure 6 (c). I = 1 for all nodes of elements cut by the glide plane; at all other nodes, I is defined by (15) and (17) with distances d i and d e measure relative to the dislocation core. This weight function is shown in Figure 13 (b). We label this enrichment DOL because it corresponds to the dislocation origin and layers scheme used in [8] with the standard XFEM, which is shown in Figure 6 (b).
A combination of singular enrichment and Heaviside enrichment (DOL+H):
This scheme is similar to DOL except that slip away from the core is modeled by the tangential jump enrichment and not the singular enrichment. S ∞ is the set of nodes within a given number of layers from the core and S H is the set of nodes far from the core with supports cut by the glide plane, as shown in Figure 6 (d). I is defined by (17) with distances d i and d e measure relative to the dislocation core, as shown in Figure 14 (a) and¯ I = 1− I . We will elaborate on these definitions in Section 6.
Finally, we would like to point out that in continuum dislocation modeling, the Burgers vector is known. Hence, the contribution from the enrichment part of the displacement approximation appears in the discrete equations as a vector of nodal forces, see [16, 31, 41] for more details. 
Crack enrichment
The displacement approximation for a mode I crack studied here was first proposed in [40] . As in [40] we will constrain all of the enriched degrees of freedom associated with the crack tip enrichment to be equal. Therefore, we will again adopt an approximation with type 2 shifting. The approximation for a mode I crack is
where a J is the enriched degree of freedom associated with the Heaviside step enrichment and node J , K I is the enriched degree of freedom associated with the analytical asymptotic solution u ∞
K I
(x) and corresponds to the mode I stress intensity factor. u ∞
is the first term of the analytic asymptotic crack tip displacement field for a mode I crack with unit stress intensity factor and is 14 G. VENTURA, R. GRACIE AND T. BELYTSCHKO given by
where r and are polar coordinates defined relative to the crack tip, is the shear modulus of the material and = 3−4 for plain strain and
For the enrichment of an arbitrary oriented crack see [40] . The weight functions¯ (x) and (x) are interpolated by (26) and (27) , respectively. Again, the definition of S H and S ∞ will depend on which of the enrichment schemes (EEL, DOL or DOL+H) is adopted.
The third term in (29) , the singular enrichment, is identical to the form proposed in Gifford and Hilton [37] , except for the weight (x). They mention a weighting of the enrichment, but note that it is not needed, which is probably due to their use of higher-order elements; see Legay et al. [30] . They did not include the step enrichment; hence, the crack had to be aligned with the element edges.
MERGING ANALYTIC AND HEAVISIDE ENRICHMENTS
The DOL+H enrichment scheme is the most effective in the modeling of cracks and dislocations. It combines analytic singular enrichment around the crack tip (or dislocation core) with the Heaviside step enrichment along the crack faces (or glide plane). This combined enrichment scheme introduces three different blending domains in the standard XFEM. The first is the blending between the Heaviside step enriched domain and the unenriched domain; this blending does not generate any blending problems because the enrichment vanishes at the outside edges of the enriched elements. The second is the blending between the singular enriched domain and the unenriched domain; here the difficulties with blending can be solved using the strategy described above. The third is the blending between the Heaviside step enriched domain and the singular enriched domain, which is the focus of this section.
We will restrict our discussion to the edge dislocation problem for clarity. In this case there is a constant displacement discontinuity across the glide plane. The selection of an effective merging strategy involves the judicious choice of¯ I , I , P H and P ∞ in Equations (26) and (27) . The two weight functions can be chosen independently everywhere expect for the elements cut by the glide plane. In dislocation problems, for the displacement field to be compatible, the tangential displacement discontinuity must be equal to the Burgers vector along the glide plane; hence, when <1, the Heaviside enrichment has to compensate for this effect. Hence, we will require that¯ = 1− in all elements cut by the glide plane. In this manner the correct displacement discontinuity is recovered. A similar approach can be employed for cracks. This procedure is illustrated by a schematic in Figure 7 . In the singular enriched subdomain, the weight for the singular enrichment is = 1; in the step function enriched subdomain, the weight for the singular enrichment step function is¯ = 1 and in the transition subdomain, where both enrichments are applied, +¯ = 1. We have shown a linear transition of the weight functions, as in Figure 7 , but other approaches such as splines can also be used. Note that the computation of the weighting function of the Heaviside step function enrichment is needed only in the subdomain where the 
BOUNDARY INTEGRATION
The integration of enrichment functions with strong singularities, such as the edge dislocation enrichment (25) or the mode I crack enrichment (29) , is computationally expensive because of the large number of Gauss points required for an accurate evaluation of the element stiffness [16] .
Here we develop, for linear problems with shifted enrichments, an extension of the basic method proposed in [16] , which simplifies the integration by the transformation of domain integrals to equivalent contour integrals. Several additional terms appear in the expression of the element stiffness when the enrichment is shifted. The method is applicable only to elements for which all nodes of the element are enriched and for which all enriched degrees of freedom at all nodes of the element are equal. In addition, the enrichment function must be self-equilibrated, similar to those of the edge dislocation enrichment (25) and the crack enrichment (29) , although the method works reasonably well for the other singular enrichments used in XFEM.
Let ∇ be the del differential operator and ∇ s be the symmetric gradient operator so that the strain displacement equation is e = ∇ s u = 
where f are the equivalent nodal forces. We will consider displacement approximations of the form (2) and (10) with = 1 and the constraint that a I = a; hence, we have
in which n is the number of nodes, d = {u 1 , . . . , u n } and N collects the shape functions for all the nodes and displacement components. From the strain-displacement equation and (33), the strain is given by
The stress is given by
Substitution of (33), (35) and (37) into (32) gives
Invoking the arbitrariness of d and a, we obtain the following system of equations:
Equations (41) and (42) can be written in matrix form as
The second matrix product contains the terms that only appear when shifting is used. The submatrices are given by
The numerical integration of (44b), (44c) and (44e) when W is singular is computationally expensive. We propose the following transformation to alleviate this problem. Consider the domain integral (44c) which, using the definitions (31) and (36b), can be written as
Applying integration by parts and the divergence theorem gives
where n is the outward normal to * e and the last step follows from the equilibrium of r ∞ . Applying similar transformations to (44b) and (44e) we have where we have used the identity e ∞ , r = e ∞ , r = e , r ∞ . In integral form the terms of the stiffness matrix are
The steps leading to Equations (48) depend on the additive decomposition of the stress (37), which is a result of the linearity of the strain-displacement equation (35) and the constitutive relation (37)- (38) . For nonlinear problems, the stress cannot be additively decomposed and hence Equations (37) and (48) do not hold.
The proposed boundary integration scheme is compared with the sub-cell integration method [2] , and the nearly polar integration method [36, 38] . Figure 8 illustrates these three different methods.
We compare the efficiency of these integration schemes by comparing the L2 norm of the XFEM solutions for various numbers of quadrature points for the dislocation problem described in the following section. We normalize the L2 norm by the magnitude of the Burgers vector. Figure 9 reports the accuracy of the XFEM solution for each of the three schemes for various numbers of quadrature points. It can be seen that both the boundary and the nearly polar methods are much more accurate than the sub-cell method. It may also be observed that the boundary integration 
Number of Quadrature Points Relative error in the L2 norm [ % ]
Sub-cell Nearly Polar Boundary Figure 9 . Comparison of the accuracy of the boundary integration method, the sub-cell quadrature method and the nearly polar integration method.
scheme requires only 32 quadrature points and that the nearly polar scheme requires, for the same accuracy, about 10 times more quadrature points. The convergence rate of the boundary integration scheme with increasing the number of quadrature points appears to be higher than that of the nearly polar scheme. We have used the boundary integration scheme with 32 quadrature points in all of the computations reported in this paper.
NUMERICAL EXAMPLES

Edge dislocation problem
Consider a square plate with sides of length 10 m, Young's modulus E = 0.12141 N m −2 and Poisson's ratio = 0.34. The origin of the coordinate system is located at the center of the plate. The plate contains a single dislocation with core located at the origin, glide plane extending along the negative x-axis, Burgers vector b = 0.000255 m and the core of radius 0.001 m is removed from the domain. To reproduce the infinite medium results, the linear elastic stresses ∞ D are computed from (28) and the corresponding traction is applied along the boundary on the plate. The plate is constrained to eliminate rigid body motions.
We will adopt approximation (25) with four-node bilinear elements and enrich the domain according to the schemes EEL, DOL and DOL+H.
A study of the properties of the proposed method has been carried out considering the following combinations of parameters of a mesh of 25×25 elements:
• 4, 6 and 8 enrichment layers;
• weight function exponents n = 2, 4, 6;
• the constant plateau distance d i has been defined to contain 2, 3 or n l −1 layers of elements, where n l is the number of enrichment layers.
The relative error in energy to the analytic solution [42] has then been evaluated for each of the three enrichment schemes EEL, DOL, DOL+H and is reported in Figures 10-12 , respectively. Log of the error in strain energy no weight n=2; di=2 el n=2; di=3 el n=2; di=layers-1 n=4; di=2 el n=4; di=3 el n=4; di=layers-1 n=6; di=2 el n=6; di=3 el n=6; di=layers-1 Figure 10 . Relative error in energy by varying the ramp exponent n (Equation (12)), the number of enrichment layers and the size of the constant plateau (enrichment-type EEL); 'no weight' corresponds to the standard XFEM. 
Number of enrichment layers
Log of the error in strain energy no weight n=2; di=2 el n=2; di=3 el n=2; di=layers-1 n=4; di=2 el n=4; di=3 el n=4; di=layers-1 n=6; di=2 el n=6; di=3 el n=6; di=layers-1 Figure 11 . Relative error in energy by varying the ramp exponent n (Equation (12)), the number of enrichment layers and the size of the constant plateau (enrichment-type DOL); 'no weight' corresponds to the standard XFEM.
In all cases there is a significant reduction in the error when compared with the standard XFEM, which is labeled no weight. The exponent n of the ramp plays almost no role, so that it may be convenient to choose it as low as possible. Since the weight function is always bilinear inside the elements because of the shape function interpolation, using a higher exponent n does not require any changes in the quadrature of the element stiffness.
In all the examined enrichments there is a common trend: the error always decreases with increasing d i , decreasing the ramp exponent n and increasing the number of enriched layers. The results of the EEL scheme are slightly more accurate than those of the other schemes; however, its additional computational cost makes the DOL and DOL+H schemes more efficient. Figure 13 reports typical contours of the weight function and the computed shear stress for the two enrichments techniques EEL and DOL with 6 layers of enrichment and a constant unit weight 
Log of the error in strain energy no weight n=2; di=2 el n=2; di=3 el n=2; di=layers-1 n=4; di=2 el n=4; di=3 el n=4; di=layers-1 n=6; di=2 el n=6; di=3 el n=6; di=layers-1 Figure 12 . Relative error in energy by varying the ramp exponent n (Equation (12)), the number of enrichment layers and the size of the constant plateau (enrichment-type DOL+H); 'no weight' corresponds to the standard XFEM.
function plateau of three layers. The stress is plotted, as common practice in finite elements, by averaging the nodal values of the contiguous elements. In Figure 13 (c) and (d), the solutions from the standard XFEM are shown; the parasitic stress oscillations at the boundary of the enrichment subdomain are quite evident. In Figure 13 (e) and (f) the results from the proposed blending method are shown. Here we see that the oscillations in the stress contours have been eliminated. The stress contours for the DOL+H enrichment scheme are shown in Figure 14 . Here again we can see that there are no parasitic oscillations in the stress contours. Finally, the dependence of the error on the mesh size has been computed to evaluate the convergence rates. Meshes from 5×5 to 135×135 elements, with an enrichment area of constant size [16] , have been solved. Results are reported in Figure 15 , where a very significant improvement with all of the enrichment schemes is apparent. Table I reports the convergence rates of the three examined enrichment schemes. In all cases, the weighted XFEM improves the convergence rate of XFEM by more than a factor of two. In fact, the convergence rate for the weighted XFEM is optimal.
These results suggest that the optimal choice of the weight function for the singular-analytical enrichment for a given number of enriched layers is
which is the same weight function proposed in Fries [35] . We note that this weight function must be coupled with type 2 shifting to obtain improved results, as discussed in Section 4.
Mode I crack
Consider an edge crack in a square plate. The geometric and material data of the previous example are used, replacing the glide plane with the crack and the dislocation core with the crack tip. The traction n·r ∞ structured mesh of bilinear elements and the displacement approximation (29) . We will compare the results from the DOL and DOL+H enrichment strategies.
To illustrate qualitatively the effectiveness of the proposed blending method, Figure 16 shows the computed r y and r x stresses for a 25×25 element mesh and the DOL+H enrichment scheme. In the two layers of nodes around the crack tip, the enrichment of Liu et al. [40] and a linear ramp weight function with a constant plateau of one layer of elements around the tip were used, i.e. d e = 2 layers and d i = 1 layer. In Figure 16 , hollow triangles denote Heaviside enriched nodes, while hollow circles represent nodes enriched with the analytic asymptotic solution (30) . Note that all nodes enriched with the asymptotic solution share the same enrichment degree of freedom K I . No weight function derivatives have been considered in the computation of the stiffness matrix because, as will be shown, they can adversely affect the results. In Figure 16 , the top row illustrates the results of a standard XFEM implementation of crack analysis: some nodes around the crack tip are enriched with the asymptotic solution and the Heaviside step function is used for the remaining part of the crack (horizontal, toward left).
Oscillations in the stress contours due to blending are clearly evident between unenriched elements and elements enriched by the asymptotic solution. In the bottom row of Figure 16 , the proposed blending technique is employed; the reported contours are almost indistinguishable from the analytic solution.
A study of the weighted XFEM has been carried out by considering the following combination parameters in a mesh of 25×25 elements:
• 2 and 6 enrichment layers, to demonstrate the effectiveness of the method with few enrichment layers; • weight function exponents n = 1, 2, 4, to confirm the lowest exponent gives superior results;
• the constant plateau distance d i has been defined to contain n l /2 layers of elements, where n l is the number of enrichment layers; • with and without the weight function derivatives in the evaluation of the strain.
The relative error in energy, compared with the analytic solution [40] , is reported in Figure  17 (a) and (b). The error in the stress intensity factor K I has been reported in Figure 17 (c) and (d). From the results in Figure 17 , it can be seen that in all cases, the weighted XFEM is more accurate than the standard XFEM. More specifically, it is can be observed that
• the weight function exponent n does not play a significant role, so that a good choice is the linear ramp n = 1; • considering the weight function derivatives in the evaluation of strains usually worsens the results; • the weighted XFEM does not require a large number of enrichment layers to perform very well (compare left and right columns of Figure 17 ).
Finally, a convergence analysis has been performed for the DOL+H enrichment scheme. Meshes from 5×5 to 135×135 elements with a constant enrichment subdomain have been considered (Figure 18 ). Again, a very significant improvement with the proposed weight function blending procedure is apparent. Considering the mean slopes of the three rightmost points of Figure 18 , the convergence rate doubles, as the slope changes from 0.84 (no blending) to 1.68 (weight function blending).
CONCLUSIONS
We have presented a new method for the efficient numerical integration of the discrete equations of XFEM when the enrichment functions are self-equilibrating, i.e. when the enriched part of the displacement approximation satisfies equilibrium. The method is based on the transformation of the domain integrals of the discrete equations into boundary integrals. We have considered the more general case where the enrichment approximation is shifted to simplify the application of essential boundary conditions. The method is particularly effective when the enrichment function is singular or is not a polynomial, since standard Gauss quadrature is inefficient for such functions. The boundary integral method is compared with the sub-cell and nearly polar integrations methods for the case of the singular edge dislocation enrichment. It is shown that the boundary integration method requires only 32 quadrature points to obtain accurate solutions, while the nearly polar integration method requires over 300 points to obtain results with comparable accuracy.
We have also addressed the issue of reducing errors due to the blending of enriched and unenriched subdomains in XFEM. This work was motivated by our previous studies of dislocations [16, 41] , where all the enriched degrees of freedom are equal. We have therefore focused our discussions in this paper to enrichments of this type. Our strategy involves premultiplying the enrichment function by a weight function with compact support as in the work of Fries [35] . The basic idea of this weighted XFEM is that the contribution of the enrichment to the solution of the problem is smoothly decreased, without introducing discontinuities or additional quadrature requirements. Therefore, in the vicinity of the feature being enriched, the weight function has a value of unity; away from the feature, it is smoothly decreased to zero by a C 0 polynomial. We have considered an unshifted approximation and two shifted approximations (type 1 and type 2 shifting).
When the weight function is chosen as a sum of a subset of the nodal shape functions (18) , as proposed in [35] and when all the enriched degrees of freedom are constrained to be equal, the weighted approach degenerates to the standard XFEM. The degenerate case can be avoided by applying the weight function to a shifted enrichment function (what we have term type 2 shifting).
Numerical studies of dislocation and crack problems show that the weighted XFEM improves the accuracy of the XFEM. In addition, it converges optimally, even when the standard XFEM does not. This suggests that the parasitic terms in the approximation space of the blending elements have been removed. Our studies suggest that the optimal form of the weight function is a linear function, as used in [35] , when the linear weight function is combined with a type 2 shifted approximation. Our studies also suggest that a better or almost equivalent quality approximation is obtained by not considering the weight function derivatives in the evaluation of the strains. In either case, the weighted XFEM always improves the solution.
Finally, both the proposed boundary integration method and the weighted XFEM approximation are easily implemented into existing XFEM codes and hence should be attractive options for improving both the efficiency and the accuracy of the method.
